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0N FINITE INTEGRAL TRANSFORMS BUTLT UPON INCCMPLETE SETS OF EIGENFUNCTIONS

By PAU.CH/KG IV (Engineering Division, Case Institute of Technology)

Introducticn, In the literzture, solutions of boundary-velue problems

are often expressed in terms of incorplete sets of eigenfunctions., There
does nct seem to te any procedure that can be followed in general, And,

the incomplete set discovered in the process of solving a particular problem
is not systematically investigeted to see if, or to what extent, it can be
used in other prcblems. In this note, we will shov that the method cf
integral transforms can be employed as & format in employing these incomplete
sets to the greatest advantage,

We will demonstrate this with two examplés. The first example is the
finite Fourier sine transform with a2 part of the complete set of eigenfunctions
omitted intentionally. The secondrexample is a new transfcrm (called an
equitriangnlar transform) established by thé author on an incomplete set of
eigenfunctions in a equilatersl triangular region, The first example is of
course trivisl, But it serves to show the motivation behind the procedure
used, It will be seen in both examples that an integrél transform based on
an incomplete set of eigenfunction carn only be used in solving a limited
class of boundary-value problems. The limitations (beside the ones ccmmon
to all integral transformsl) will show up in the admissible boundary values,
forms of the inhomogeneous terms and initial values, if any. But these

limitetions will come out of the procedure, and are known beforehand. The

1Linearity, appearance of only powers of the Laplacian, perticular kind of
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limited class of boundary-valne problems will still be general enourh to
embody meny physical problems.

The procedure is mainly aimsd at problems in two-dimensionasl regions
which can not be decompcsed into iwo one-dimensional regions; i.e., regions
other than rectangles, circles, annulus and sectors. For such regions,
there is no systematical wayz of obtezining a complete set of eigenfunctions;
but an incomplete set is often known in the literature. It is then possible
to find the class of problems whose solutions can be expressed in terms of
each one of these incomplete sets,

A Simple Example,

The complete set of eigenfunctions of the system

{ f£ri(x) + 12 f(x) =0, 0<x<X

f=0 at x=0 and X

is known to be sin E%E s m=1,2, 3, b, ...
Based on this complete set, we can establish the finite Fourier sine trans-

3

form™ for functions satisfying Dirichlet's conditions in (0, X)
X
- . X
F(m) = F(x) sin 5~ dx
(]

which has the important properties that

2.2
n.F

Firo2n [(.1)"”‘1 F(X) - F(O)] -2

2Except that of an approximate nature based on the variational principle,

3Sneddon, I. N., Fourier Transforms, McGraw-Hill, 1951, pp. 71-76.




and

1 2 = . nmax
2[F(x+)4F}'O)]=xr E F sin ;

This transform can then be employed to solve linear boundary value problems
thet contain only even-crdered derivstives, with functional values given
on x = 0 and X,

Now, for the sake of argument, let us assume that we are only able to

obtzin the incomplete set of eigem‘.‘ unctions

Sin n£x ’ n = 1, 3, 5, 7 eew

We can also establish a transform

X
F(n) = g F sin 22X ax
0

But then,

. %’-‘—[F(X) - F(O)] _ o ¥

x2

and the transform is no longer of immediate use in boundary-value protlems,
For one thing, the transform of F'! reccgnizes only the difference between
F(X) and F(0), not F(X) and F(O)' individually.

We can remedy this, of course, by supplementing this incomplete set of
eigenfunctions by the supposedly unknown complementary set {¢v(x, §v)}
associated with eigen-values Ev (also supposedly unknown). Then, for

functions satisfying Dirichlet’s conditions, we have

«© @
1 2 2 ~ . 1 4
5 {F(x+0) + F(x_o)] =3 F sin 2 -M—

n=1’3,5 V=1

where
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X

F a
= F¢v x

o
and M is the norm of {¢V} , i.e.,
2
M, = ¢v dx
[+]

A
The complementary trarsform ( ) has the property that

2

F - g (0) F(0) - g, () F(X) - & F

Consider now the following simple boundéry value problem:

2 .
& . 3F | Gxt),0<x<X, t>0
ot 2 ?
ox :
x=0¢: F =a(t)
x =X 3 F=b(t)
t=0: F = c(x)

7~
Applying the transform ( ) to this system, we have

| 22 .
g = Rx’l[b(t)-a(t)} - 21 F + G(n,t)

X

t=0: ?:E’(n)

N\
from which ¥ can be easily solved, Similarly, an applicaticn of ( ) yields

7 2 N A
T = A0 a) - g b)) - §F 4GS, )

t=0: f«ré\(gv)
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A
Ifrom which F czn also be sclved, The solution F of the original problenm

is then
w0 ©
~ VAl
F(x,t) = & >, Fsin nx > = T
n=1,3,5 v=l v

with possible Gibbs'! phencmenon on X = O and X,

But we have assumed that we do not kncw the set ‘{ﬁv} . VWe wish,
therefere, to establish the conditions under which the second series in
the formula for F vanishes, This obtviously requires that ﬁlz 0. A

sufficient condition for this to happen is
A A
a(t), b(t), 6( S ,), &(E) = 0

In other words, (1) the boundary values must be zero on x = O and X; (2)

the inhomogeneous term and the initial value as functions of x must belong

to a class which are eXpandablé in terms of sin E%E‘with n=135 ....

The most important member of this class is the constant

w0
c = EE :E : ; % sin E%z
% n=1,3,5
which yields
~ 2Xc
{C= ;[_I.l- ’ n=1,3,5, see o
=0

Ancther obvious member is sin %? which yields

Vi

si 1‘--]-{-=2[- n-=1
in 7 70
/\:0 ,n;ll
sin X =0
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The above conclusicen is essily generalizable: A gerncral lineer
preblem of order 2 in x and containing only even-order derivatives with
respect to x is solvable by an application of the transform (ﬂj alone,
if (1) BZiF/ax?i, i =0,1,2,..,(3j-1), vanish on x = 0 and X, {2) the inhom-
geneous term and initial values as functions of x belong to the same
class stated before,

An Equitriangular Transform.

Consider the Helmholtz equation
Vraals - o0
in a equilateral triangle R (Fig. 1) with the boundary condition

f = 0 on E

L

Here ‘72 is the Laplacian and B is the boundary of R. Sen  has discovered

a set of eigenfunctions for this system

*n = sin Xn py + sin lnp + sin lnPB

2

with eigenvalues

2nn

n =M§‘a ,n=

(See Fig. 1 for nomenclature,) Based on Sen's set, an integral transform

L\

1’2,3, see o

can be defined as

’I:"(n) = §F(X,Y) ¥ oxdy
R

L

Sen, B., "Note on Some Two Dimensional Prcblems of Elasticity Connected with
Plates Having Trizngular Beundsries", Bulletin of the Calcutta Mathematical

Society, 26 (193L), pp. 65-72.




But thens,
> 5
YF =« gF(thn)eNdsaan
B

where ﬁ'is the outward unit normal vector of B a2nd ds is line element
along B, We see-that the transform of V72F does not reccgnize the
detaziled variation of F on B, but only a certain average of it. This
is an indication that the set is incomplete,

To mzke maximum use of Sen's set, we can supplement it by its com-
plementary set {¢v} with eigenvalues §v to make it complete, Unlike
in the previous case, ‘{ﬂv} and gv are really unknown tec us, However,
we can follow exactly the same procedure as before to find out under what
conditions are boundary value problems solvable by using the transform
(\3 alone, It is not necessary to repeat the argument here, The con-
clusion is:

The linear boundary value problem containing only powers of the
Léplacian (to the jth power) is solveble by an application of (\; alone,
if (1) (‘72)i, i=01,2, ... (3-1), vanish on B, (2) the inhomogeneous
term and initisl values belong to the class of functions which can be
expanded in a series of (sin AP, + sin A p, + sin xan).

It is very gratifying to see that the important constant function belongs

to this ciass6.

5

or a discussion of general integral transforms in an arbitrary region, see
Kaplan, S. and Sonnemann, G., "A Generalization of the Finite Integral Trens-
form Technique and Tables of Special Cases", Proc, Lth Midwestern Conference

on Sclid Mechanics, University of Texas, 1959, pp. L97-513,

%en, ibid.
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In the aprended table7, vie have surmarized the important properties

~
of the trensform ( ) for essy reference,

The physical probiems thal can be solved by this transform are many.
Some examples are transient viscous flow with or without suspended particles,
transient he2t conduction or natural convection, combined natural and
forced convection, 211 inside an egquitriangular duct or column; and tran-
sient deflections cf simply supported equitriangular plates or membranes,
The results will be reported elsewhere., The object of this noté is to
describe the fundamental format. It is hoped that other known sets of
eigenfunctions in the literature can be employed in the same manner to

their maximum capabilities,
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Fige 1 The Equitriangular Region
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